The Wilsonian renormalization group (WRG) equation is used to derive a new class of scale invariant field theories with nonvanishing anomalous dimensions in 2-dimensional N = 2 supersymmetric nonlinear sigma models. When the coordinates of the target manifolds have nontrivial anomalous dimensions, vanishing of the β function suggest the existence of novel conformal field theories whose target space is not Ricci flat. We construct such conformal field theories with U(N ) symmetry. The theory has one free parameter a corresponding to the anomalous dimension of the scalar fields. The new conformal field theories are well behaved for positive a and have the central charge 3N , while they have curvature singularities at the boundary for a < 0. When the target space is of complex 1-dimension, we obtain the explicit form of the Lagrangian, which reduces to two different kinds of free field theories in weak and in strong coupling limit. As a consistency test, the anomalous dimensions are reproduced in these two limits. The target space in this case looks like a semi-infinite cigar with one-dimension compactified to a circle. *
Introduction
Nonlinear sigma models (NLσMs) in two dimensions are interesting for several reasons. They help us to understand various non-perturbative phenomena in four dimensional gauge theories such as confinement or dynamical mass generation [1, 2] . They also provide the description of superstrings propagating in the curved space-time. In the latter case, the consistency of strings requires the N = 2 superconformal symmetry of the NLσMs. Since N = 2 supersymmetry and the scale invariance imply N = 2 superconformal symmetry, these NLσMs have to be scale invariant. In quantum field theories, the scale invariance, suffering from anomaly due to the divergent renormalization effects, is realized only at the fixed-points of the renormalization group equation. Since field theories at the fixed-point also describes the phase transition, it is important to study these fixed-point theories of N = 2 supersymmetric NLσMs.
In N = 2 supersymmetric NLσMs, the field variables take values on the complex curved spaces called Kähler manifolds, whose metrics are specified completely by the Kähler potentials. These Kähler potentials, arbitrary functions of the chiral superfields, have infinite numbers of coupling constants since any NLσM is renormalizable in perturbation theories in two dimensions. It is convenient to use the Wilsonian renormalization group (WRG) equation for the nonperturbative study of field theories with infinite numbers of coupling constants. In a previous paper, we derived the β function for 2-dimensional N = 2 supersymmetric NLσM using the WRG equation [3, 4, 5] :
The WRG equation shows the variation of Wilsonian effective action when the cutoff scale is changed [6, 7, 8, 9] . The first term, proportional to the Ricci tensor of the target space, comes from the one-loop diagrams, whereas the second term, proportional to the anomalous dimension γ of fields, comes from the rescaling of fields to normalize the kinetic term properly. The presence of the anomalous dimension reflects the nontrivial continuum limit of the fields.
When the anomalous dimension of the field vanishes, the scale invariance is realized for NLσMs on the Ricci-flat Kähler (Calabi-Yau) manifolds [10] . Calabi-Yau metrics for some noncompact manifolds have been explicitly constructed [11] , when the number of isometries is sufficient to reduce the Einstein equation to an ordinary differential equation.
On the other hand, when the anomalous dimension of fields does not vanish, the condition of the scale invariance is quite different. In this article, we study the novel conformal field theories with anomalous dimension by solving the condition of the fixed-point: β = 0. We will assume U(N ) symmetry to reduce a set of the partial differential equations to an ordinary differential equation. The conformal theories obtained have one free parameter corresponding to the anomalous dimension of the scalar fields. The geometry of the target manifolds crucially depends on the sign of the anomalous dimensions.
This paper is organized as follow: In §2, we review briefly the WRG equation for 2 dimensional N = 2 supersymmetric nonlinear sigma model. In §3, we derive the condition of scale invariance assuming the U(N ) symmetry. In §4, we study the geometry of target spaces of conformal field theories. In §5, the properties of the new conformal field theories are discussed.
Wilsonian Renormalization Group equation
In this section, let us recapitulate the Wilsonian renormalization group equation for the N = 2 supersymmetric NLσM. The Wilsonian renormalization group equation describes the variation of effective action when the cutoff energy scale Λ is changed to Λ(δt) = Λe −δt in D dimensional field theory [6, 7, 8, 9] : This WRG equation is an infinite set of differential equations for various coupling constants in the most general action S. In practice, we usually expand the action in power of derivatives and retain the first few terms. We often introduce symmetry to further reduce the number of independent coupling constants.
We impose N = 2 supersymmetry on the action and consider only Kähler potential term to define the N = 2 supersymmetric nonlinear sigma model in two dimensions
where Φ n denote chiral superfields, whose components fields are complex scalars ϕ n (x), Dirac fermions ψ n (x) and complex auxiliary fields F n (x). The Kähler metric of the target space g ij is given by the Kähler potential
Higher derivative terms are not included in this paper to avoid the introduction of negative metric states.
For this nonlinear sigma model, the WRG eq.(2.1) has been derived in Ref. [3] . The scalar part of the WRG equations takes a simple form
The field variables ϕ n (x) are assumed t independent by a suitable rescaling of fields, which introduces the anomalous dimension γ in return. What depend on t is the infinite number of coupling constants included in the Kähler metric. From this WRG equation, the β function for the Kähler metric is given by
Note that our β function reduces to the Ricci tensor when the anomalous dimension of the fields vanishes. The second term which is proportional to the anomalous dimension γ is not reparametrization invariant because of the renormalization condition of the fields breaks reparametrization invariance.
The fermion part also gives the same WRG equation because of the supersymmetry. Since the Kähler metric contain the infinite number of coupling constants, the above WRG equation is an infinite set of differential equations for these coupling constants. In the next section, we investigate the conformal theories defined as the fixed-points of this renormalization group equation.
3 Fixed-point of SU(N) symmetric WRG equation
In this section, let us derive the action of the conformal field theory corresponding to the fixed-point of the β function
Since Ricci curvature R ij is a second derivative of the metric g ij , the equation is a set of coupled partial differential equations, and is very difficult to solve in general. So we simplify the problem by assuming symmetry U(N ) for the Kähler potential.
where x is the U(N ) invariant combination
of the N components scalar fields ϕ = (ϕ 1 , ϕ 2 , · · · , ϕ N ). The coefficients g n play the role of an infinite number of coupling constants which depend on the cutoff scale t. The Kähler potential
gives the Kähler metric and Ricci tensor as follows 3 :
where
We substitute these metric and Ricci tensor for the β function (2.5) and compare the coefficients of δ ij and ϕ i ϕ * j to find
Since the second equation (3.8) follows from the first equation by differentiation with respect to x, we discuss only the first equation.
Our differential equation (3.7) describes the renormalization group flow in the theory space specified by the infinite number of coupling constant in the Kähler potential. In fact, we can derive an infinite number of coupled differential equations among the coupling constants g n by inserting 3 We use the convention: ϕ * i = δ ij ϕ * j and ϕj = δ ij ϕ i .
(3.2) in eq.(3.7). We are specially interested in the fixed-point of eq.(3.7), which is supposed to give a scale invariant theory. The fixed-point theory is defined by the Kähler metric which satisfies the following differential equation
To obtain the Lagrangian of the scale invariant field theory, we have to solve this differential equation.
By noting that this equation can be rewritten as
we can integrate it easily to obtain
and C 1 is an integration constant. The normalization condition of the kinetic term,
gives an initial condition
which fixes C 1 = 1.
Integrating eq.(3.11), we see that the solution of the differential equation satisfy the following algebraic equation:
where we have introduced a constant a ≡ −4πγ, namely, we write the anomalous dimension of the scalar field using a free parameter a as follows:
In NLσM, the anomalous dimension of the scalar field can take either positive or negative value, so the parameter a can also take either sign [12] . Setting x = 0 in eq.(3.14) and using the boundary condition (3.13), we obtain
Geometry of the target space of the scale invariant theory
In this section, we study the geometry of target space when the theory is scale invariant.
One-dimensional target space
This equation (3.14) is very simple when the target manifold is of complex one-dimension. When N = 1, this equation reads
which gives
Using this f ′ in eq.(3.4) gives the metric of the target space
Note that the metric has only one component, and the indices i andj is 1. The scalar curvature is
The property of this target manifold crucially depends on the sign of the parameter a. Now, we investigate the property of the target manifold for each sign of a.
1. When a > 0, the anomalous dimension is negative.
Since the line element is given by 4 5) or in polar coordinate z = re iφ
the volume and the distance from the origin (r = 0) to infinity (r = ∞) is divergent, while the length of the circumference at the infinity is finite. Therefore, the shape of the target manifold is a semi-infinite cigar. The volume integral of the scalar curvature is also finite, giving the Euler number:
which is equal to that of a disc. Let us embed the manifold in 3 dimensional Euclidean spaces. When the hyperplane has the rotational symmetry, the line element can be written using the cylindrical coordinates
Where the height is a function of the radius ρ,
From eq.(4.9), the line element can be rewritten
where g ′ is the derivative of the function g(ρ) in term of ρ. Now we transform the line element for the target metric (4.3) to the form of eq.(4.10) by a change of variable
which is a one-to-one mapping from the entire plane 0 ≤ r < ∞ to a disc 0 ≤ ρ < 1 √ a . Then eq.(4.6) can be rewritten
Comparing eq.(4.10) with eq.(4.12), we obtain the height function h = g(ρ) as follow:
(4.13) Figure 1 shows the manifold embedded in 3-dimensional flat Euclidean spaces. The distance between any two points is measured along the shortest path on the surface in the Euclidean spaces.
2. When a < 0, the anomalous dimension is positive.
In this case, the metric and scalar curvature read
This metric is ill-defined at the boundary |z| ∼ 
Higher dimensional target spaces
Consider the conformal field theories whose target space have more than two dimensions, and investigate the property of the target manifolds. For N ≥ 2, we have to solve the algebraic equation (3.14) which reads for N = 2, for example, Kähler potential in the neighborhood of the origin is easily obtained by solving the equation (3.14)
The asymptotic behaviors crucially depend on the sign of the parameter a, so that we will discuss them separately.
1. a > 0 case Figure 3 show the function f ′ , which is the diagonal component of the target metric, goes to infinity as x → ∞. When aF goes to infinity, the r = 0 term of eq.(3.14) gives the dominant contribution in the left-hand side. To find the asymptotic behavior in this region, we retain only the dominant terms and solve
by the iteration method
where we dropped other terms that vanish as ax → ∞. Then we obtain the functions f ′
The distance along the straight line in the radial direction is written Here we have defined the complex radial coordinate r and the angle variables by
The asymptotic behavior (4.20) for any N is similar to N = 1 case, in which the metric in the asymptotic region is given by
The asymptotic behavior of the Kähler potential (3.2) can be found by integrating eq.(4.19)
where we have dropped holomorphic and anti-holomorphic terms by a Kähler transformation and defined χ by which can be solved by the iteration method
Because of ǫ << 1, the behavior of the function f ′ = F ax near the boundary is given
which leads to the curvature singularity at the boundary.
Similarly, the allowed region in z-plane for general N is
The asymptotic behavior of the function f ′ near the boundary
leads to the curvature singularity at the boundary.
To summarize, we found that the target spaces of the scale invariant theory with nontrivial anomalous dimension are noncompact and well-behaved at the infinity for a ≥ 0, while they have formidable curvature singularity at the boundary for a < 0.
Property of the field theory at the fixed-point
In this section, let us discuss the property of the scale invariant field theories for a ≥ 0. From (4.17), the Kähler potential is given as a power series of ϕϕ †
All coefficients in this series are expressed by a single parameter a. When a = 0 this Lagrangian reduces to a free field theory
with the two-point function In the presence of the nontrivial anomalous dimension γ, the two-point function has to behave
because of the scale invariance. Although it is difficult to solve field theory with interaction, we can obtain this kind of behavior in the strong coupling limit a → ∞ of N = 1 model defined by the metric (4.3). Since the target space approaches to a cylinder at the infinity as is shown in the figure 1, it also approaches to another free field theory when a goes to infinity. In fact, the bosonic Thus, we find the expression of the anomalous dimension (3.15) again. The fact that we successfully rediscovered the relation between the coupling constant and the anomalous dimension seems to be an evidence of the validity of our argument.
Although the real dimension of the target manifold is two in N = 1 model, it looks like a cylinder with radius 1 a when viewed from far away places.
Conclusion
In order to find non-trivial conformal field theories with anomalous dimension, we used the WRG 
